Abstract. We extend to the anisotropic setting the existence of solutions for the KirchhoffPlateau problem and its dimensional reduction.
Introduction
In this article we focus on the minimizers of the anisotropic Kirchhoff-Plateau problem. These correspond to soap films that span flexible rods under the action of general energies which are not translation or rotation invariant. The corresponding isotropic problem of minimizing the area functional has been investigated by Giusteri et al. in [14] with only one filament, and by Bevilacqua et al. in [2] taking into account more complex configurations. An increasing interest has been devoted to the study of the anisotropic Plateau problem, see for instance [7, 8, 9, 11, 12, 17] . To model the flexible rods, we impose physical constraints, as for instance local and global non-interpenetration of matter, introduced by Schuricht in [18] . Moreover we add the necessary specifications in considering a link rather than a single loop. The energy functional we minimize is given by the sum of the elastic and the potential energy for the link and the anisotropic surface energy of the film. Concerning the boundary condition, we use the definition introduced by Harrison in [16] , based on the concept of linking number, which is a well-known topological invariant. For the poof in Section 4, we rely on the result by De Lellis et al. [5] , who formulate the anisotropic Plateau problem in fairly general spanning conditions. To conclude, in Section 5 we perform a dimensional reduction of the aforementioned variational problem, in the spirit of the analysis carried out in the isotropic setting in [3] .
Notation and preliminaries
In this section we recall notation for the geometry of curves. If x 1 , x 2 : [0, L] → R 3 are two continuous and closed curves, their linking number is the integer value
We say that x 1 and x 2 are isotopic, and we use the notation
Following Gonzalez et al. [15] , we define the minimal global radius of curvature of a closed curve
where R(x, y, z) denotes the radius of the smallest circle containing x, y, z, with the convention R(x, y, z) = +∞ if x, y, z are collinear. The global radius of curvature determines the selfintersections of the tubular neighborhoods of a curve. More precisely, for every r > 0 we define the r-tubular neighborhood of x by
Accordingly to Ciarlet et al. [4] we say that U r (x) is not self-intersecting if for any p ∈ ∂U r (x) there exists a unique s ∈ [0, L] such that p − x(s) = r. It turns out (see Gonzalez et al. [15] ) that ∆(x) ≥ r if and only if U r (x) is not self-intersecting. In particular, if ∆(x) > 0 then x is simple, that is x : [0, L) → R 3 is injective.
The anisotropic Plateau problem
First we recall that a set S ⊂ R 3 is said to be 2-rectifiable if it can be covered, up to an H 2 -negligible set, by countably many 2-dimensional submanifolds of class C 1 , see [19, Chapter 3] ; we also denote by G the Grassmannian of unoriented 2-dimensional planes in R 3 . Given a 2-rectifiable set S, we denote by T x S the approximate tangent space of S ⊂ R 3 at x, which exists for H 2 -almost every point x ∈ S [19, Chapter 3] . The anisotropic Lagrangians considered in the rest of the note will be continuous maps
verifying the lower and upper bounds
We also require that F is elliptic [13, 5.1.2-5. 1.5] , that is its even and positively 1-homogeneous extension to R 3 × (Λ 2 (R 3 ) \ {0}) is C 2 and it is convex in the π variable. Given a 2-rectifiable set S and an open subset U ⊂ R 3 , we define:
Next, we need to define the spanning condition. For any H ⊂ R 3 closed let C(H) be the class of all smooth embeddings γ : S 1 → R 3 \ H. Given C ⊂ C(H) closed by homotopy, namely if γ ∈ C then alsoγ ∈ C for anyγ ∈ [γ] ∈ π 1 (R 3 \ H), we denote by P(H, C) the family of all 2-rectifiable relatively closed sets S ⊂ R 3 \ H such that
We recall the following result, see [5, Theorem 2.7] :
Theorem 3.1. The problem min{F(S) : S ∈ P(H, C)} has a solution S ∈ P(H, C) and the set S is an (F, 0, ∞)-minimal set in R 3 \ H in the sense of Almgren [1] .
4. The anisotropic Kirchhoff-Plateau problem 4.1. The system of linked rods. Let N ∈ N and p ∈ (1, +∞). For every i = 1, . . . , N , let
and
We endow V with the natural p-norm, that we denote by · V . For any i = 1, . . . , N and for any w ∈ V denote by
) the unique solutions of the Cauchy problem
For any i = 1, . . . , N we define
The system of closed rods is subject to some constraints. First of all we assume that the midlines are closed and sufficiently smooth, that is
. . , N . To prescribe how many times the ends of the rod are twisted before being glued together, we prescribe the linking number between the midline and a closed curve close to the midline. Precisely, for any i = 1, . . . , N we close up the curve
, for τ > 0 fixed and small enough, defining, as in Schuricht [18] ,
where
and therefore we require that for any i = 1, . . . , N there is some l i ∈ Z such that
To encode the knot type of the midlines for any i = 1, . . . , N we fix continuous mapping
Finally, in order to prevent the interpenetration of matter, following Ciarlet et al. [4] we require that for any i = 1, . . . , N (C5)
We now require that our system of rods has a prescribed chain structure. We assume that: (C6) for any i = 1, . . . , N there exist k and i j for j = 1, . . . , k such that
We finally denote by W the set of all constraints, namely
It is easy to see (see Gonzalez et al. [15] and Schuricht [18] ) that W is weakly closed in V .
Energy contributions and existence of a minimizer.
In what follows we will prescribe an elastic energy of the system of rods, which is a proper function
for some c > 0. The second energy contribution we want to take into account is the weight of the rods. Let ρ i ∈ L ∞ (Ω i ) with ρ ≥ 0 be the mass density functions and g be the gravitational acceleration. Let us define E g : W → R ∪ {+∞} as
The last contribution we want to take into account is the soap film energy. Let C w ⊂ C(Λ[w]) be the class of all γ ∈ C(Λ[w]) such that there exists i = 1, . . . , N with
C w is closed by homotopy, see [16] . We finally define E sf : W → R ∪ {+∞} as
We define the energy functional of our variational problem as
The first main result of the paper is given by the following existence theorem.
Theorem 4.1. Let E el be the lower semicontinuous envelope of E el with respect to the weak topology of V . Assume that inf W E < +∞. Then the problem
has a solution w 0 ∈ W and there exists
4.3.
Proof of Theorem 4.1. First of all we prove that the weight and the soap film energy are weakly continuous.
Lemma 4.2.
The functional E g is weakly continuous on W .
Proof. Let (w h ) be a sequence in W with w h ⇀ w in W for some w ∈ W . Then
Then by Sobolev embedding we deduce that
. This is enough to pass to the limit under the sign of integral and get the claim.
The continuity of the soap film energy follows from the next theorem.
Theorem 4.3. Let (w h ) be a sequence in W with w h ⇀ w in W for some w ∈ W . Assume that
Let µ h := F H 2 S h . Then the following three statement hold true: , namely that S ∞ ∩ γ(S 1 ) = ∅ for any γ ∈ C w . Assume by contradiction that there exists γ ∈ C w with S ∞ ∩ γ(S 1 ) = ∅. Since γ is compact and contained in Hence, for such h and ε it follows that, for any
). This implies that
. . , N . This estimate, together with the W 1,p convergence of
As a consequence, for h large enough, γ y ∈ C w h which, combined with S h ∈ P(Λ[w h ], C w h ), yields S h ∩ γ y (S 1 ) = ∅. Take nowπ : S 1 × B ε → B ε as the projection on the second factor and let π :=π •Φ −1 . Then,π is Lipschitz-continuous and B ε is contained inπ(S h ∩U ε (γ)), which entails that
We thus conclude that
Proof of Theorem 4.1 First of all thanks to the weak continuity of E g and E sf , proved in Lemma 4.2 and Theorem 4.3, we deduce that E el (w)+E g (w)+E sf (w) is the lower semicontinuous envelope of E, from which we get
Let {w h } be a minimizing sequence for E el + E g + E sf . Since inf W E < +∞ we can say that E(w h ) ≤ c for some c > 0. In particular, E el (w h ) ≤ c and, by coercivity of E el , we have w h ⇀ w 0 in W . We deduce, using again Lemma 4.2 and Theorem 4.3, that
Moreover, since E sf (w 0 ) < +∞, applying Theorem 2.7 of [5] we deduce the claim.
Dimensional reduction of the anisotropic Kirchhoff-Plateau problem
The second main result of the paper concerns the dimensional reduction. In this section we focus on a simplified setting with a single rod which has a cross section with vanishing diameter; moreover we also need to modify the constraints. For the sake of convenience we briefly rewrite the complete setting. Let L > 0, p ∈ (1, +∞) and let
Denote by
For any s ∈ [0, L] let A(s) ⊂ R 2 be compact and simply connected such that
for some η, ν > 0. For any ε > 0 small enough and for any w
The constraints are the following.
is defined as in (4.2) (of course without the index i).
Finally, in order to prevent the non-selfintersection we require that
Again, we denote by W the set of all constraints, namely
The main goal is to prove that sending ε to 0, we recover by Γ-convergence the anisotropic Plateau problem with an elastic one dimensional boundary. The first two energy contributions to take into account are the elastic energy E el as in (4.3) and the scaled weight
where ρ ∈ L ∞ (Ω 1 ) and ρ ≥ 0. Concerning the soap film energy, similarly to the previous section, we define C ε,w ⊂ C(Λ ε [w]) as the class of all γ ∈ C(Λ ε [w]) such that |Link(γ, x[w])| = 1 and we define E sf ε : W → R ∪ {+∞} as
and let
We can then define E ε : W → R ∪ {+∞} for any ε > 0 let as
We are ready to state our second main result.
Theorem 5.1. Let (ε h ) be a sequence such that ε h → 0 as h → +∞ and let (w h ) be a sequence in W with sup h∈N E ε h (w h ) ≤ c for some c > 0. Then, up to a subsequence, w h ⇀ w in L p ([0, L]; R 3 ) and w ∈ W . Moreover, the family {E ε } ε>0 Γ-converges to E 0 as ε → 0 + with respect to the weak topology of L p ([0, L]; R 3 ), namely:
(a) for any sequence (ε h ) with ε h → 0, for any w ∈ W and for any sequence
(b) for any w ∈ W there is a sequence (ε h ) with ε h → 0 and a sequence (w h ) in W with
As a standard consequence of Theorem 5.1 we have the next result.
Corollary 5.2. Let (ε h ) be such that ε h → 0 as h → +∞. For any h ∈ N and for any σ h → 0 let w h ∈ W be such that
Proof. The conclusion follows from the coercivity of E el .
The study of the weight term is easy, since the weak convergence w h ⇀ w implies the uniform convergence of the midlines.
Proposition 5.4. For any w ∈ W and for any sequence
Proof. By the change of variables ζ i = ε h η i , i = 1, 2, we obtain
Passing to the limit as h → +∞, using the fact that
and applying the Dominated Convergence Theorem we conclude. Now we pass to the limit in the soap film part of the energy. First of all we need the following Theorem whose proof requires just minor modifications of the proof of Theorem 4.3.
Theorem 5.5. Let (w h ) be a sequence in W with w h ⇀ w in W for some w ∈ W . Assume that
Let µ h := F H 2 S h . Then the following three statements hold true: Proof. The compactness statement is Proposition 5.3. Inequality (5.2) follows combining (5.5) and (5.7) with the subadditivity of the liminf operator. Next, for any w ∈ W , we consider the constant sequence w h ≡ w. Applying Proposition 5.6, for every ε h → 0, the (unique) subsequencew h ≡ w of (w h ) satisfies obviouslyw h ⇀ w in L p ([0, L]; R 3 ) and (5.9). Inequality (5.3) follows easily combining (5.5) and (5.9) with the superadditivity of the limsup operator.
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